The interpolation of a planar sequence of points p 0 , . . . , p N by shape-preserving G 1 or G 2 PH quintic splines with specified end conditions is considered. The shape-preservation property is secured by adjusting 'tension' parameters that arise upon relaxing parametric continuity to geometric continuity. In the G 2 case, the PH spline construction is based on applying Newton-Raphson iterations to a global system of equations, commencing with a suitable initialization strategy-this generalizes the construction described previously in Numerical Algorithms 27, 35-60 (2001). As a simpler and cheaper alternative, a shape-preserving G 1 PH quintic spline scheme is also introduced. Although the order of continuity is lower, this has the advantage of allowing construction through purely local equations.
Introduction
Spline curves are often used to smoothly interpolate or approximate a given sequence of data points. In addition to the usual requirements (fast convergence, reasonable computational cost, numerical stability, etc.) it is often desirable that the spline curve should faithfully reflect the 'shape' of the given discrete data. This requirement has led, in recent years, to much research activity in the area of constrained interpolation. Thus far, most published papers have been concerned with functional univariate or tensor-product multivariate interpolation, and in these contexts several effective methods are now at our disposal.
Among these, the so-called tension methods (see, Costantini, 2000; Goodman, 2002; Kvasov, 2000; Manni, 2001 , and references cited therein) are probably the best known. Basically, they entail constructing a smooth function as a collection of segments between the data points that depend, in a local or global manner, upon a set of tension parameters. By selecting these parameters in an appropriate way, it is possible to 'stretch' the segments and thus ensure that the shape of the interpolant conforms to that of the given data. In such schemes, the tension parameters play a crucial role and exert a significant influence on the visual and analytic properties of the resulting function.
Beyond functional interpolation, tension methods have recently been used to address the-perhaps more complex-problem of constrained interpolation by parametric curves (see, for example, Goodman, 2002 and references therein). Schemes for G 2 shapepreserving interpolatory space curves have been proposed using piecewise rational cubics (Goodman et al., 1998) , polynomial splines of degree six (Asaturyan et al., 2001) , and cubic ν-splines (Karavelas & Kaklis, 2000) . Rational cubic splines were also used in Kong & Ong (2002) to obtain interpolants with geometric continuity of order three. By means of variable-degree polynomial splines, C 2 shape-preserving interpolants in R 3 have been obtained in Kaklis & Karavelas (1997) , while C 3 continuity was achieved in . In both cases, a tridiagonal linear system must be solved.
Among various methods specifically tailored to planar curves, we mention only Morandi & Sestini (1999) and Costantini & Sampoli (1998) . In the former, a local scheme that produces C 2 shape-preserving interpolants in the plane is proposed, employing cubic splines with two additional knots in each sub-interval. In the latter, the problem of constructing C 1 shape-preserving planar curves is treated in the general setting of abstract schemes.
The methods enumerated above produce shape-preserving interpolants that differ in terms of their computational cost, continuity, and fairness. However, a common shortcoming of all these methods, based upon 'ordinary' (polynomial or rational) parametric curves, is that they do not admit precise representation of their offset curves or exact computation of cumulative arc length-properties that are important in NC machining, motion control, and other applications.
The Pythagorean-hodograph (PH) curves (Farouki, 1992; Farouki & Neff, 1995; Farouki & Sakkalis, 1990 ) offer exact closed-form solutions to these problems, and are compatible with standard Bézier/B-spline representations of computer-aided design systems. Our intent in this paper is to adapt existing methods † (Albrecht & Farouki, 1996; Farouki et al., 2001) for the construction of planar PH quintic splines to provide a shapepreserving capability. The shape of the PH spline is controlled by tension parameters, which have simple geometrical interpretations, to ensure that it is compatible with the shape of the polygon defined by a piecewise-linear connection of the data points.
In the remainder of this paper, we shall proceed as follows. In Section 2 we develop the basic conditions for G 1 and G 2 continuity of contiguous PH quintic segments, and define the free parameters that these conditions admit. The notion of shape preservation is then briefly reviewed in Section 3, and its implications for the G 1 and G 2 continuity conditions are developed. In Section 4 we summarize the shape-preserving PH spline constructions, and present some computed examples. Finally, Section 5 contains some concluding remarks about the use of these methods.
PH spline curves
The distinguishing property of a polynomial PH curve r(t) = (x(t), y(t)) is that its hodograph r (t) = (x (t), y (t)) satisfies the Pythagorean condition
for some polynomial σ (t). In the complex representation r(t) = x(t) + i y(t), any hodograph that is (Farouki, 1994) the perfect square r (t) = w 2 (t) of a complex polynomial w(t) = u(t) + i v(t) defines a PH curve satisfying (2.1) with
We employ bold characters to denote, interchangeably, plane vectors and complex numbers-italic characters are used for real (scalar) quantities. The quintics, defined by choosing a complex quadratic w(t) and integrating r (t) = w 2 (t), are the simplest PH curves with sufficient shape flexibility for free-form design. Consider the problem of interpolating a sequence of points p k = x k +i y k corresponding to parameter values t k for k = 0, . . . , N . We assume, without loss of generality, that t 0 = 0 and t N = 1, and set
The case l i = l for i = 1, . . . , N corresponds to a uniform parametrization. On each sub-interval t ∈ [t i−1 , t i ] we define a local parameter 3) and in terms of this variable, we write the hodograph of the PH quintic segment r i (τ ) as 4) where primes denote derivatives with respect to the global parameter t. Casting this expression in the quartic Bernstein basis gives
Thus, writing ∆p i = p i − p i−1 for i = 1, . . . , N , and noting that each Bernstein basis function of degree four has definite integral 1 5 , the interpolation condition
Integrating the hodograph (2.4), the Bézier form of each segment is
where the control points are given by
Quintic G 1 PH splines
In the case of G 1 PH splines, a suitable unit tangent T i must be assigned to each data point p i (see Section 4 for suggestions on how to choose these tangents). G 1 continuity is ensured by the following derivative constraints:
where µ i and λ i are positive auxiliary tension parameters. In Section 3 we will show that, if the tangents T i are suitably chosen, it is possible to select values for these free parameters so as to ensure a shape-preserving interpolant. From (2.5) we see that the complex coefficients u i and v i in (2.4) are determined (up to sign) by the equations
Thus (2.6) becomes a quadratic equation in the unknown z i ,
Considering all possible choices for the sign of u i and v i , and the two different solutions of (2.10), we obtain (Farouki & Neff, 1995) four different quintic PH spline segments r i (τ ). We choose among these possible four segments so as to obtain a shape-preserving control polygon.
Quintic G 2 PH splines
In the case of G 2 PH splines, we follow the approach used in Nielson (1974) for cubic splines (and more recently in Karavelas & Kaklis (2000) for spatial shape-preserving interpolation), i.e. we consider ν-splines. A set of non-negative tension parameters ν 0 , . . . , ν N is introduced to relax the continuity conditions at the interior knots as follows:
The two end parameters ν 0 and ν N are analogously used to control the tension of the interpolating curve on the end segments (the treatment of end conditions is discussed below). Suitable values of these parameters can be chosen in order to guarantee a shape-preserving interpolatory PH spline curve. Now, considering (2.5), the first equation in (2.11) implies that u 2 i = v 2 i−1 · Selecting u i = v i−1 and considering the second equation in (2.11), we may deduce the following relations:
where we define
Hence, the interpolation condition (2.6) reduces to the following quadratic equation:
14)
where we introduce the quantities
One can verify that, if ν 0 = · · · = ν N = 0, this reduces to the system of equations (Albrecht & Farouki, 1996; Farouki et al., 2001 ) defining interpolatory C 2 PH quintic splines. As usual, (2.14) holds for i = 2, . . . , N − 1, but the cases i = 1 and i = N must be modified in accordance with the end conditions. Here we shall use cubic end spans for open curves, and periodic end conditions for closed curves. For the case of cubic end spans, we have
where
and
Thus, integrating the corresponding hodographs, we obtain
For the case of periodic end conditions ν 0 = ν N , and hence we have
Hence the first and last equations become
where the coefficients are obtained from expressions (2.15) by setting l 0 = l N when i = 1, and l N +1 = l 1 when i = N . Note that the same sign choice must be used in f 1 and f N -the solution may occur for either choice . As shown in Albrecht & Farouki (1996) for the C 2 case (see also Section 3.2), the set of all possible solutions of the system
of N quadratic equations in the N unknowns z 1 , . . . , z N defines 2 N +k different G 2 interpolating PH splines (where k = −1 for cubic end spans, and k = 0 for periodic end conditions). The homotopy method (Albrecht & Farouki, 1996; Allgower & Georg, 1993) can be used to compute all solutions of (2.17), but it becomes prohibitively expensive for N > ∼ 10. We prefer to adopt here the approach described in Farouki et al. (2001) , based on using the Newton-Raphson method (Isaacson & Keller, 1994) to compute the shapepreserving PH spline.
The determination of a good starting approximation is a crucial requirement with the Newton-Raphson method. Assuming that p 0 , . . . , p N form a reasonable sequence, i.e. that
a suitable strategy to obtain the starting approximation is to equate derivatives at the parametric mid-points of corresponding segments of the PH quintic spline and the ordinary cubic ν-spline, as described in Farouki et al. (2001) for the case of C 2 PH splines. Now the nodal derivatives d 0 , . . . , d N for the G 2 cubic ν-spline satisfy (Nielson, 1974 ) the linear system
for i = 1, . . . , N − 1, augmented by two end-condition equations. Using the local parameter τ defined in (2.3), the ith segment c i (τ ) of the cubic ν-spline can be expressed as
where the cubic Hermite basis on τ ∈ [0, 1] is defined by
We determine the starting approximation by requiring that
In terms of the quantities 19) this yields the system of equations
for i = 2, . . . , N − 1. For cubic end spans, this is augmented by 21) and for periodic end conditions by
where, again, the same sign choice must be used in both equations.
Shape-preserving interpolation
Our objective is to construct a PH quintic spline that smoothly interpolates the points p 0 , . . . , p N , while retaining the same shape as the polygon defined by a piecewise-linear connection of these points. The smoothness at the juncture of the PH curve segments is ensured by imposing geometric continuity of order 1 or 2, while the polygonal segments ∆p i determine the desired shape of each segment of the spline curve. More precisely, setting
we define
and for a shape-preserving interpolant, we require that For closed curves, convexity constraints are imposed at the juncture of the first and last segment, defining κ 0 (κ N ) by (3.1) and setting
On the other hand, for open curves the data are not sufficient to define a 'shape' at the first and last point. Thus, we do not impose any restriction on the number of inflections in the first and last segments of the curve. Similarly, when the data are collinear at a given point (κ i = 0), it is often desirable to have an almost-vanishing curvature of the interpolant in the adjacent intervals. Thus, we do not impose any restriction on the number of the inflections in these intervals.
We will show that a solution of the problem stated above can be obtained by means of either G 1 or G 2 PH quintic splines, provided that suitable values of the tension parameters are employed. In both cases it will suffice, owing to results in Goodman (1996) concerning shape-preserving properties of totally positive bases, to show that the Bézier control polygon of the segment r i (τ ) has the desired shape.
Shape-preserving G 1 PH splines
We now show that it is always possible to construct a G 1 PH quintic spline that interpolates p 0 , . . . , p N and satisfies the shape-preserving conditions (a)-(c). Suppose the unit tangent vectors T i are assigned according to the rule
where c i , d i are positive real numbers. Precise choices for these coefficients, that ensure quite fair interpolants, will be presented in Section 4. For i = 1, . . . , N − 1 we then have
Now from (2.9) and (2.10), there are four possible PH quintics r i (τ ). We choose the segment identified by taking signs for
and, from (2.10), by setting
As a first step, let us examine the behaviour of the Bézier control polygon of the segment r i (τ ). The following lemma ensures that, if the end tangents are chosen appropriately and the tension parameters µ i−1 , λ i are sufficiently small, then the control polygon reproduces the shape of the data locally.
LEMMA 1 Suppose the unit tangents T i−1 , T i are of the form (3.2), the tension parameters µ i−1 , λ i are sufficiently small, and u i , v i , z i are selected according to (3.4) and (3.5). Then, for κ i−1 = 0 we have
and for κ i = 0 we have
where the control points q i,k for k = 0, . . . , 5 are given by (2.7).
Proof. It is convenient to invoke the polar form of complex numbers. To simplify the discussion we assume, without loss of generality, that
Suppose that κ i−1 < 0. Then from (3.3) we have
From (2.9) and (3.5) we see that, as µ i−1 and λ i approach zero, while from (2.7) and (3.4) we have
Thus, from elementary geometry, the first inequality in (3.6) is satisfied. The case where κ i−1 > 0 can be treated by analogous arguments. Similar arguments yield the first inequality in (3.7). The remaining two inequalities follow immediately upon noting that, as µ i−1 and λ i approach zero,
We can now examine the asymptotic behaviour of the spline segment r i (τ ).
THEOREM 2 Assume that (2.18) holds. If the unit tangents T i−1 , T i are chosen according to (3.2), the tension parameters µ i−1 , λ i are sufficiently small, and u i , v i , z i are given by (2.9), (3.4) and (3.5), then the segment r i (τ ) satisfies the shape constraints (a)-(c).
Proof. To verify that, under the stated conditions, the segment r i (τ ) satisfies shape constraint (a), it suffices to note-see, for example, Hoschek & Lasser (1993) -that the signs of the curvature of r i (τ ) at its end points coincide with the signs of
For constraints (b) and (c), one can readily verify that, if (2.18) holds, the tangent vectors T i−1 , T i are chosen according to (3.2), the tension parameters µ i−1 , ν i are sufficiently small, and u i , v i , z i are chosen according to (2.9), (3.4) and (3.5), then q i, j for j = 0, . . . , 5 are strictly increasing in the direction of ∆p i . The number of inflections of r i (τ ) is thus bounded (Goodman, 1996) by the number of the inflections of its Bézier control polygon. Hence, from Lemma 1 we see that constraints (b) and (c) are satisfied.
Shape-preserving G 2 PH splines
We now show that it is always possible to construct a G 2 PH quintic spline that interpolates the points p 0 , . . . , p N and satisfies the shape-preserving criteria (a)-(c). In view of the results of the preceding discussion, it will suffice to show that, when the tension parameters ν j tend to +∞, there exists a solution of the quadratic system (2.17) such that
• z 2 i becomes parallel to ∆p i /l i ; • u i and v i satisfy (3.4);
• the curve end tangents are of the form (3.2), and thus satisfy (3.3).
To obtain the above properties, we will analyse the solutions to (2.17) as the tension parameters ν j approach † +∞· We restrict our attention here to the case of periodic end conditions; cubic end spans can be treated in a similar way. THEOREM 3 As ν j → +∞, j = 0, . . . , N , each of the two systems (2.17) obtained from (2.14) by appending periodic end conditions has 2 N distinct isolated solutions that approach the solutions of
Proof. For notation convenience, we introduce the new parameters
From (2.13) and (2.16), we see that studying the behaviour of the solutions to (2.17) for large ν j is equivalent to examining the behaviour asã j → 0. Considering F as a function of (z 1 , . . . , z N ,ã 0 , . . . ,ã N ), we observe from (2.15) that the tridiagonal quadratic system (2.17) reduces to the system (3.8) asã j → 0. Now each point of the form (z
N ) is any solution of (3.8), is a regular point for F. In fact, since ∆p i = 0 for i = 1, . . . , N , the matrix
is non-singular. Thus, from the implicit function theorem (Buck, 1978) , neighbourhoods
Moreover, the function g is of class C 1 . The result then follows since, by Bezout's theorem, each of the two systems (2.17) obtained from (2.14) by adding periodic end conditions has at most 2 N isolated solutions.
From the previous theorem, any solution of (2.17) satisfies
This result shows that, in view of (2.12), it is possible for suitably large values of
Finally, consider the behaviour of the tangent vector T i for large ν values. As above, we use the polar form of complex numbers and assume that
Suppose κ i > 0, so that
From (2.12) we see that T i is parallel to
Thus, if we consider the solution of (2.17) such that conditions (3.4) are satisfied, then as ν i−1 , ν i , ν i+1 → +∞, the corresponding T i becomes parallel to
Hence, from elementary geometry we have
so that T i can be expressed in the form (3.2). Thus, by the same arguments as in Lemma 1 we can show that, for large values of the tension parameters, it is possible to construct an interpolatory G 2 PH quintic spline r(t) having a Bézier control polygon that locally reproduces the convexity of the data. Thus, thanks to the shape-preserving properties of the Bernstein representation (see also the proof of Theorem 2) we have the following theorem.
THEOREM 4 If the tension parameters ν j , j = 0, . . . , N , are sufficiently large, there exists a G 2 PH quintic spline that interpolates p 0 , . . . , p N and satisfies the shape constraints (a)-(c).
Empirical results
We now summarize the two procedures used to compute shape-preserving interpolatory G 1 and G 2 PH quintic splines, and present some empirical results for both open and closed test curves. Both methods were implemented in MATLAB programs, using double-precision complex arithmetic.
In the case of G 1 continuity, we need a means to define unit tangent vectors T i in accordance with (3.2). The following definition, introduced in Asaturyan et al. (1998) , is used:
where κ i is defined in (3.1). Note that two additional 'phantom' points, p −1 and p N +1 , are needed to define T 0 , κ 0 and T N , κ N . Clearly, in the case of closed curves, we take p −1 = p N −1 and p N +1 = p 1 . In the case of open curves, we adopt the strategy proposed in Asaturyan et al. (1998) . We remark that, in some circumstances, it can be useful to modify these directions if they predict too sharp a deviation at either the data point or in its vicinity (see comments below concerning the first and third sets of data). We refer again to Asaturyan et al. (1998) for details concerning this point. We now summarize the G 1 interpolation scheme in the following procedure:
PROCEDURE 1 Shape-preserving G 1 PH spline.
Input:
(1) Define two 'phantom' points p −1 and p N +1 (see, for instance, Asaturyan et al., 1998) ; (2) u 1 , . . . , u N and v 1 , . . . , v N according to (2.9) and to (3.4); (6) Define z 1 , . . . , z N according to (3.5); (7) Compute the control points q i j for j = 0, . . . , 5 and i = 1, . . . , N from (2.7); (8) If, for some i, the control polygon {q i j , j = 0, . . . , 5} is not strictly increasing in the direction of ∆p i or conditions (3.6) and (3.7) are not satisfied, decrease the corresponding tension parameters µ i−1 and λ i and return to step (5).
For the case of G 2 continuity, the method is summarized by the following procedure, in which we assume that chordal parametrization (Lee, 1989 ) is always used. PROCEDURE 2 Shape-preserving G 2 PH spline.
(1) Use the chordal parameterization (Lee, 1989) Output: Control polygons {q i j , j = 0, . . . , 5}, i = 1, . . . , N for shape-preserving G 2 PH quintic spline.
The G 1 and G 2 shape-preserving PH quintic spline constructions were tested on data for both open and closed curves. For comparison, the corresponding C 2 PH quintic splines, 2 . Left: the G 1 shape-preserving PH spline obtained with µ 0 = 0·99, µ 1 = 3·13, µ 2 = 0·79, µ 3 = 0·85, µ 4 = 0·27, µ 5 = 4·33, µ 6 = 0·91, µ 7 = 0·94, µ 8 = 1·18 and λ 1 = 1·03, λ 2 = 5·48, λ 3 = 1·16, λ 4 = 0·57, λ 5 = 0·39, λ 6 = 2·76, λ 7 = 0·37, λ 8 = 1·58, λ 9 = 0·68. Right: the corresponding curvature plot-the ' * ' symbols indicate the signs of the discrete curvatures κ i at the data points. obtained by the method described in Farouki et al. (2001) , are also presented. In the G 2 shape-preserving splines, convergence of the Newton-Raphson method was always observed in just five or six iterations. In Figs 1-9 the interpolating PH spline curves with corresponding data points '•' are shown on the left, while the corresponding curvature plots are given on the right to assess the shape-preservation property and 'fairness' of the interpolating spline curves. Asaturyan et al., 1998) . By inspecting Fig. 1 , in particular the curvature plot, we see that segments i = 4 and i = 5 of the C 2 PH interpolant, constructed as described in Farouki et al. (2001) , fail to satisfy the shape-preserving conditions of Section 3. In addition, careful inspection also reveals that segment i = 8 is not shape-preserving (the curvature corresponding to the ninth data point is about 0·0064). On the other hand, in Figs 2 and 3 we see that, using the tensioning parameters specified in the captions, the shape-preservation conditions can be satisfied if we relax the smoothness requirement from C 2 to G 1 or G 2 (the curvature value corresponding to the ninth data point now is about −0·0008). Inspecting the curvature plot for the G 1 case we see that, even if the strategy suggested in Asaturyan et al. (1998) is used to modify the tangent vector at the sixth data point-in order to avoid sharp variations-the curve still shows one significant curvature spike (compare with the corresponding curvature plots for the C 2 and G 2 cases). On the other hand, Fig. 3 shows that the G 2 PH spline satisfies the shape-preservation conditions without significant impairment of 'fairness. ' The data for the closed test curve considered in Figs 4-6 is taken from Table 3 of Asaturyan et al. (1998) (where the first data point is p 0 = (5, 1) and the remaining points are labelled in a counter-clockwise manner). In this case, the shape-preservation conditions require that the curvature of the interpolant be positive everywhere. Figure 4 shows that the C 2 PH spline is very fair, but fails to satisfy the shape-preservation conditions. As seen in Figs 5 and 6, the shape of the data is preserved in both the G 1 and G 2 cases by using suitable values of the tension parameters. For this data set, we see from the curvature plots that the fairness of the G 1 shape-preserving PH spline is comparable to that of the corresponding C 2 PH spline in Fig. 4 . On the other hand, in Fig. 6 we see that if G 2 smoothness is required, shape-preservation incurs prominent spikes in the curvature.
Figures 7-9 relate to the data used for the 'gunk' test curve in Farouki et al. (2001) , shown here in Fig. 7 (the first data point is p 0 = (2·3, 1·7) and the others are labelled in counter-clockwise order). The C 2 PH spline interpolant violates the shape-preservation conditions in the fourth and fifth segments. As seen in Figs 8 and 9, shape preservation is recovered using the G 1 or G 2 continuity conditions and appropriate tension parameters (in the G 2 case, the curvature value at the fifth data point is about 0·0043). Again, the 'fairness' of the curve deteriorates somewhat (even if, in the G 1 case, the unit tangents have been suitably modified at the fourth, sixth, and ninth data points).
In conclusion, we remark that all our experiments show that the 'fairness' of the shape-preserving PH spline depends strongly on the strategy used to select suitable tension parameters, in both the G 1 and G 2 cases (in the former case, it is also strongly dependent on the choice of the unit tangents). 
Closure
A characteristic feature of the PH curves is that they tend to produce much 'fairer' local or global interpolants to discrete data than the ordinary polynomial curves (Albrecht & Farouki, 1996; Farouki, 1996; Farouki et al., 2001; Farouki & Neff, 1995) . However, fairness is not always compatible with preservation of shape, and in some contexts the latter consideration may be more important.
In this paper we have shown that the standard procedures for local or global interpolation by PH curves can be modified, through the introduction of suitable tension 8 . Left: the G 1 shape-preserving PH spline obtained assuming µ 0 = 0·23, µ 1 = 1·14, µ 2 = 0·53, µ 3 = 0·14, µ 4 = 0·33, µ 5 = 0·25, µ 6 = 0·25, µ 7 = 0·59, µ 8 = 0·35, µ 9 = 0·32, µ 10 = 0·87, µ 11 = 1·61, and λ 1 = 0·28, λ 2 = 0·64, λ 3 = 0·79, λ 4 = 0·36, λ 5 = 0·13,λ 6 = 0·15, λ 7 = 0·37, λ 8 = 1·01, λ 9 = 1·01, λ 10 = 0·29, λ 11 = 0·58, λ 12 = 0·37 for closed-curve data ('gunk'). Right: the corresponding curvature plot-the ' * ' symbols indicate the signs of the discrete curvatures κ i at the data points. 9 . Left: the G 2 shape-preserving PH spline obtained assuming ν 0 = 0, ν 1 = 0, ν 2 = 0, ν 3 = 8·5, ν 4 = 4·25, ν 5 = 8·5, ν 6 = 0, ν 7 = 0, ν 8 = 0, ν 9 = 0, ν 10 = 0, ν 11 = 0, ν 12 = 0, ν 13 = 0 for closed-curve data ('gunk'). Right: the corresponding curvature plot-the ' * ' symbols indicate the signs of the discrete curvatures κ i at the data points.
parameters, to furnish a shape-preservation property. These modified methods allow shapepreserving design procedures to take full advantage of the exact rectifiability and rational offset properties of PH curves.
